ticularly useful in cases where the transfer. function factor of the integrand is not a simple function of the wave numbers in the flow and transverse directions.
The procedure exploits the facts that the entire integrand is a seperable function of these two wave numbers and, when the number of sensors is large, the array function factor of the integrand is a rapidly varying function of wave number, characterized by many similar shaped lobes.
In addition, a model for multilayered media is employed to provide the transfer function for boundary conditions that closely correspond to reality.
Results generated by this procedure were compared to those from an exact evaluation of the integral which is possible if the transfer function is taken to be constant; there was agreement to within 0.2dB or better over a broad frequency interval.
Some results for a realistic transfer the sensors embedded at an arbitrar position within the layer. is assumed to be unlimited INTRODUCTION and y directions. Finally, k, and ky are the wave numbers in the x and y directions, respectively. The array of sensors In a recent article, Ko and Nuttall' discuss the evalulies in the x, y plane and the turbulent flow is assumed to ation of the spectral density integral that predicts the rebe in the x direction. It should be noted that the expression sponse of a planar array of identical sensors when excited for Q(w) in Eq.
(1) appears to differ by a factor of 21r from by boundary layer pressure fluctuations associated with that given in a previous article by Ko and Schloemer. turbulent fluid flow over the array. It is assumed that the There is, in fact, no numerical discrepancy between these turbulent field is spatially homogeneous and temporally two expressions because the factor of 2 7r has been incorpostationary. This integral, denoted Q(a) where w is the rated into the integrand in the expression stated in Ref.
radian frequency, has the form
It is necessary to examine the functional form of the factors of the integrand in Eq. (1) to both appreciate the Q() = 21r
A (.k,,ky)S(k,ky) T(kxky;(o) ) problem at hand and to set the stage for the method that is . f _ espoused to evaluate the integral. Consider first the turbu- 
where p0 is the density of the fluid medium; v, is the friction, or shear velocity, which is taken to be 3.5% of the . . . free-stream velocity; and a 3 is another dimensionless constant for which an appropriate value' is 1.064. An important feature of the Corcos spectrum as described by Eq.
.. (2) is that it is a separable function of the two wave numbers k. and k,' i.e., it can be written as the product of a This expression is simply the square of the magnitude of acoustic. response of the array to some dirction other than the normalized directivity function associated with the size broadside, the arguments k, and ky in the array function and shape of the sensor, expressed as a function of the will accordingly be translated in wave number space by variable wave numbers kx and ky rather than as a function appropriate amounts ks, and ksy so that the array function of the frequency, where the signal-the turbulent pressure takes the form: wave-impinges upon the sensor at grazing incidence. For this shape and orientation of the sensor, S(k.,,ky) is also a A (k,ky) separable function of k, and ky. This feature would not ,2 exist for some other shapes such as circular sensors.
For a rectangular array of equally spaced, in phase, (ky-ksy) d_/21) identical sensors, the array function is7 (6)
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It is noted that the array function is also a separable func-A(kky)=(sin(k /2 Ny sin(kNd/2)' (5) tion of kx and ky.
I. STATEMENT OF THE PROBLEM
where Nx and NY are the numbers of sensors along the x and y directions, respectively, and d. and dy are the centerFor the special case where T = 1.0, i.e., there is no to-center spacings, respectively ( Fig. 1 ). When N, or Ny is elastomeric layer over the array of sensors, the integral in large, the array function, and hence the integrand in Eq.
Eq. (1) can be evaluated exactly. Ko and Nuttall' do this (I), are rapidly varying functions of wave number. In such both by residue calculus and by a clever application of cases conventional quadrature techniques for performing Parseval's theorem. Since all three remaining factors in the the integrations in Eq. (1) can be inefficient or impractical.
integrand of Eq. (1) are separable functions of k. and ky, This paper presents an alternative technique that is both the double integral simplifies to the product of two similar fast and accurate for cases where conventional quadrature integrals, one over the domain of k. and the other over ky. techniques become impractical. The method is not appliFor the case of a realistic overlayer between the sencable to small arrays (N., or Ny<5), however there is no sors and the turbulent flow, however, the transfer function need in such cases because conventional methods may be T becomes complicated. Ko and Schloemer 2 discuss the easily implemented. The array function is the square of the case of a single homogeneous elastomer layer with a rigid magnitude of the normalized directivity function of an arbacking and with the sensors embedded at an arbitrary ray of point sensors with the same relative amplitudes, position within the layer. In this case, evaluating T inphases, and center-to-center spacings as those of the actual volves solving a fourth-order system of linear algebraic sensors, expressed as a function of variable wave numbers equations whose coefficients are not simple. For a more k, and ky, again for the case of grazing incidence excitarealistic condition, such as the elastomer layer on an elastic tion. The product of the two functions A (k ,ky) and base plate, T is even more complicated. S(k ,ky) is a statement of the classic product theorem for An analytical method exists that permits rapid numerthe response function of an array of transducers of identiical evaluation of the transfer function for a harmonic cal size, shape, and orientation. In the case where beam plane wave incident upon a laterally infinite medium that steering has been implemented to dihect the maximum contains any number of material layers bounded on either where k is the acoustic wave number in the fluid and kf is the wave number of the imposed wave component. The side by fluids extending to infinity as illustrated by Fig. 2. term containing v "( 1) accounts for the pressure radiated This method, originally expounded by Brekhovskikh,8 is at n+ 1, whereas P0 represents a spectral component of based upon matching velocity and pressure variables at flow noise. In this paper it is assumed that fluid I is a each boundary of the layered medium. This leads to an vacuum and therefore ( I)=0. Now, using the multilayanalytical matrix expression as follows: ered matrix model described above, one can write
)-2 and where A(') is a 4X4 matrix that relates velocities vx, Vz and-1)•_v=•3Q• 3 vn+)+Q 32 vz(n+1 +Q 33 T-+' ,
(l0c) stresses T., T', at interface i to the corresponding velocities and stresses at interface i+ 1. Analytical expressions for where the components of the P and Q matrices are found the components of A(') are conveniently tabulated in Ref.
by taking the products of the A•' matrices of the interven-9. For the purpose of computing a transfer function, one ing layers. The transfer function can now be obtained from needs a relationship that expresses the normal stress i-,) at Eq. (10a), with eliminated by using Eq. (9), and _(+)with v"(n+1) and v"(n+1) eliminated using Eqs. (10b) and the sensor in terms of the normal stress, ,r + 1, at interface wt a z n + I where the acoustic plane wave of amplitude Po is (10c). The resulting expression is analytic but too complex assumed to be incident. This can be accomplished by apto permit an analytic evaluation of Q(o). However, nuplying Eq. (7), in turn, to each of the intervening layers merical evaluation of T at discrete values of the wave numthat separate the sensor from the interface where the excibers is quite easy.
tation is incident. In this way, the dynamic variables at any Figure By imposing the appropriate boundary conditions at intertransmitted pressure is monitored is taken to be 0.00635 m faces 1 and n + 1, one obtains a set of equations from which (0.25 in.) above the bottom face of the elastomer layer. T can be evaluated. Note that T11I= 7'1( +')= 0 because the Observe that the two curves for bases plates of finite thickfluids do not support shear stress. Also, the normal stress ness are significantly different from the curve for the rigid at a fluid interface can be related to the normal velocity; for base at low wave numbers. The low wave-number spike example,' 0 at interface n + I seen in all three curves occurs at the acoustic wave num- can be written numbers. All the curves coalesce for large wave numbers,
showing a rolloff that occurs around the shear wave numd. J N,4' ber in the elastomer layer. There is a significant difference at low wave numbers between the curves for the rigid where h=okeer2. The indicated limits define the first sideboundary condition and the elastic plate base boundary lobe; however, the result is found to be the same for any condition, and this will subsequently be seen to have a other normalized sidelobe. The integral in the ks, direction significant effect upon the value of Q(ow).
over any one sidelobe is formally the same result except for Suffice it to say that in the absence of a simple analytic an ob iou e in subscripts. expression for T, the integral in Eq. (1) cannot be evaluThe mainlobe and all grating lobes of the A function ated to obtain a closed form expression for Q(wo). Furtherare of different shape than the sidelobes, and these lobes more, standard numerical quadrature routines have been extend over a range of wave numbers that is twice as large found to require copious amounts of CPU time. This artias that which defines a sidelobe. The integral over half of cle discusses an approximate numerical procedure for evalthe mainlobe or any grating lobe, denoted I0, takes the uating the integral in this circumstance that has been found form to be both fast and quite accurate. 
II. ANALYSIS
This integrand is already normalized to a maximum value Figure 4 is a plot of each of the four factors that comof unity. To evaluate this it is convenient to note that prise the integrand of Eq. (1) for Nx odd and > I (13a) the transfer function is the curve for a rigid base boundary condition in Fig. 3 . A similar plot vs kc, would be obtained 2 Y_ cos(2i-1)ý, for N, even and >2. for a fixed kx, except there is no peak in the pressure Nx i=1 spectrum for any wave number in the direction transverse (13b) to the flow. Because of the product nature of the integrand, Hence, Eq. (1) reduces to the product of two similar integrals, one over the domain of kx, and the other over ky. It is evident 2 r)1 (2 that the controlling factor among the four is the array +2= 
where ai= I if i denotes a sidelobe, but aj= Nd.41o/r if i + (i--j x) " for Nx even and >2. denotes either half of the mainlobe, or either half of any ('J) grating lobe; again, the latter values of ai vary with Nx and (14b) are numbers slightly greater than 0.9. Since the integral over k, is formally the same, the final This result for the integral over one-half of either the mainresult for Q(co) is lobe or any grating lobe was compared with the result in 2r3 Eq. ( I I) for the integral over any normalized sidelobe. The (14) is somewhat smaller and for large N, " "A" approaches a value which is approximately 90% of Eq. (I I). In the computational procedure described below, the
X( ajA (kyj)S(ky 1 i)T(k.y;w)P(kj;w)).
exact value of I0 as computed from Eq. (14) is used.
The integral in Eq. (1) is then approximated as fol-(19) lows. Reiterating that the integrand is a separable function of k. and ky, and that the integrals over the kx and ky III. RESULTS AND DISCUSSION variables are similar in form, consider, therefore, only the k~ inegralA FORTRAN language computer program was develk., integral oped to generate numerical results from Eq. (19). An IMSL routine was used to find the roots of Eq. (17), i.e., Q() = f7WA (k,,)S(k,,) T(k,;o)P(k,;~dk,. the k•.i values, in the interval between the peak of the (15) mainlobe and the peak of the first grating lobe. The remainder of the kj values within the chosen limits of inteFirst, large finite values are chosen for the upper and lower gration are obtained simply by noting the periodic nature limits based upon knowledge of how the integrand deof the array function. These values, shifted by ks. if approcreases with increasing I k, 1. The controlling factor in this priate, are then stored. The same procedure produces the regard is usually T(k.,;wo). Figure 5 shows the integrand set k,,j. Note that under this counting system the entire for two different values of T; the solid line curve repeats mainlobe and every grating lobe is accounted for by two the ASTP curve from Fig. 4 , while the dashed line curve is successive values of index i or j with identical values of k., the case T= 1.0. Since the transfer function is an even or kyj. The indicated summations in Eq. (19) are then function of k., limits of : 150 m-1 would appear to be performed in straightforward fashion to produce Q(w). sufficient for integration of the former curve, while the The analysis and computer program were checked by limits should be increased to about -300 m -for the calculating Q(o) for the set of parameter values used by latter. Since the integrand is positive, a lower bound on the Ko and Nuttall,) viz., a 10 by 10 array of contiguous exact value will be realized by restricting the limits. As-0.0508-m (2-in.)-square sensors with no elastomer oversuming the functions S, T, and P to be essentially constant layer (T= 1.0), a free-stream velocity of 10.288 m/s and a over the interval of either one sidelobe or one-half of either frequency range of 100 Hz to 2 kHz. The results obtained the mainlobe or a grating lobe, Qj(o) is then approximatched their exact values within 0.2 dB over the whole mated as frequency range. In all cases the values obtained from the approximate expression are smaller than the exact values.
= Y S(ki)T(k A;o )P(k iMc)
A (k,) Q(w) for the above case where T= 1.0 was also evaluated using the IMSL numerical quadrature routine QDAGS because the assumption that the S, T, and P functions are and the elapsed CPU time was found to be almost twice as constant over a sidelobe of the A function then becomes much as for this approximate technique] and is quite acmore valid. That this is the case can be demonstrated by curate as determined by comparing the results with those subdividing the array into a larger number of smaller confor cases where the integrals in question can be evaluated tiguous sensors that cover the 20-in.-square surface. The exactly. Most importantly, it can be used when it is not exact result for Q(&)) should be the same. Hence, the appossible to evaluate the integrals exactly, such as when a proximate expression was used to calculate Q(w)) for a 20 simple analytic expression for the transfer function is not by 20 array of 0.0254-m-square sensors and 40 by 40 array available. All that is required for this technique is knowlof 0.0127-m-square sensors. The computation time was not edge of the value of the transfer function at a discrete set of perceptibly increased in spite of the doubling and quadruwave number values. It has also been demonstrated how pling of the number of terms to be summed. As expected, numerical values for the transfer function may be easily the accuracy of approximation improved. The Q(a) values obtained for multilayered array models that more closely increased slightly to within 0.1 dB of the exact values, resemble reality than for models that assume rigid subTo illustrate the effect of including a nonconstant strates. The technique for computing Q(w) for exploits the transfer function in the computations, the results shown in fact that the array function is the most rapidly varying Fig. 6 were generated. Forwave number tilts ks, and ksy of function of wave number of all the factors of the integrand, zero, the spectral density level is plotted as a function of and assumes that the other factors may be considered to be frequency for the cases of (a) one point sensor with no constant over the wave number interval corresponding to elastomer overlayer so that T= 1.0; (b) a 10 by 10 array of one lobe of the array function. Consequently, the accuracy contiguous 0.0508-m-square sensors, again with T= I of the technique increases as the number of sensors in-(these first two cases are data from Ref. 1); (c) case (b) creases, since that number is a measure of the number of with a 0.0762 m thick overlayer of elastomer (material lobes between adjacent grating lobes of the array function. properties defined earlier) with a rigid base where the senThe technique is restricted to situations where all the facsors are 0.00635 m above the rigid base; (d) same as (c) tors of the integrand are separable functions of the wave except the rigid base is replaced by a vacuum backed numbers in the flow direction and transverse to that direc-0.0254-m-thick steel plate. The transfer functions for cases tion. Hence a regular grid of circular shaped sensors, or an (c) and (d) are plotted in Fig. 3 for a frequency of 100 Hz.
irregularly spaced array of rectangular sensors, could not There is evidently not much difference in Q(&o) for cases be evaluated by this technique. The technique was illus-(b) and (c). As is apparent from Fig 3, the transfer functrated for the case of contiguous sensors but is. in no way, tion at 100 Hz for the rigid-backed-elastomer-layer situalimited to this case. Gaps of any size may be considered tion is essentially unity up to a wave number of 20 m -I between sensors as long as the gap sizes are uniform along which, noting the plots of the integrand in Fig. 5 , is large each lateral direction. enough to include most of the wave number region that contributes to Q(co). Consequently, the integral is not ACKNOWLEDGMENTS much affected by the high wave number rolloff of 1'. Conversely, the smaller transfer function associated with the This work was sponsored by The Naval Sea Systems more realistic case of the vacuum backed steel base plate Command. A portion of this work was performed by results in a noticeably lower value of Q( o), particularly at William Thompson, Jr. while on sabbatic leave at the Nathe low end of the frequency range. The bumps in curve val Research Laboratory. 
